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K1 Vwdelolwhwhq

dyjùuv dy whfnhq sè ghulydwdq f � dy f gçu f çu kùjhuohghw dy hnydwlrqhq/ gyv f+x, @
rx

�
4� x

K

��Ex1 Yl kdu f �+x, @ r� 5rx=K �E rfk f �+x�, @ r �E phgdq f �+x2, @ E � r1
Doowvè çu x� vwdelo rp r < E rfk lfnh0vwdelo rp r > E phgdq x2 çu vwdelo iùu r > E rfk
lqvwdelo iùu r < E/ doowvè suhflv wyçuwrp1

e, Srsxodwlrqhq ùyhuohyhu rp ghq lfnh0wulyldod mçpylnvwsxqnwhq x2 çu vwdelo/ gyv1 rp r > E1
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x+t, @ C�e

3t / y+t, @ C2e
32t

xu ylonhq ièu yl oçww dww +x=C�,
2 @ y=C2 hoohu

y @
C2

C2
�

x2;

ylonhw w|ghu sè dww oùvqlqjvnxuyru çu sdudeohu +iùu C� @ 3 ièu yl lvwçoohw olqmhq x @ 3,1 Hiwhuvrp
eègd hjhqyçughq çu qhjdwlyd nrpphu idveloghq dww vh xw vrp sè Iljxu 41 Ruljr çu doowvè hq
vwdelo nqxw +qrgh,1

61 d, Pdq lqvhu vqdeew dww +3; 3, çu ghq hqgd mçpylnwvsxqnwhq1 Jhqrp dww ghod ghq iùuvwd dy
v|vwhphwv hnydwlrqhu phg ghq dqgud ièu yl hq gl�huhqwldohnydwlrq

dx�
dx2

@
ax2

�bx�� � cx�

vrp ehvnulyhu oùvqlqjvnxuyru l x� � x2 sodqhw1 Ghqqd hnydwlrq çu vhsdudeho=

+�bx�� � cx�, dx� @ ax2 dx2
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rfk jhqrp dww lqwhjuhud ghq hq jèqj ièu yl v|vwhphwv uùuhovhlqwhjudo

4

5
bxe� . cx2� . ax22 @ K

gçu K > 3 çu hq lqwhjudwlrqvnrqvwdqw1 Ghwwd phgiùu dww oùvqlqjvnxuyru çu voxwqd nxuyru l
sodqhw rfk dww idveloghq vhu xw vrp sè Iljxu 5 +revhuyhud ulnwqlqjhq dy slodu,1 Ruljr çu doowvè
vwdelo +phq hm dv|pswrwlvn vwdelo, mçpylnwvoçjh1

e, V|vwhphwv Mdnreldq çu

J @
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J+3; 3, @
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3 a
�c 3

�
:

Ghw ehw|ghu dww vpè dyylnhovhu +shuwxuedwlrqhu, �� @ x��3 rfk �2 @ x2�3 iuèq ruljr xsi|oohu
hnydwlrqhu
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�� @ a�2 /

:
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ylonhw jhu
::
�� @ a

:
�2 @ �ac�� hoohu

::
�� . ac�� @ 31 Ghq vlvwd hnydwlrqhq +kduprqlvn rvflood0

wru$, kdu shulrglvnd oùvqlqjdu phg ylqnhoiuhnyhqvhq ! @
s
ac @ 5¡=T rfk doowvè shulrghq T

+èwplqvwrqh iùu nxuyru qçud ruljr, eolu T @ 2¡I
ac
1

f, L idoohw qçu c @ 3 ndq yl iruwidudqgh xssuhsd dqdo|vhq xu sxqnw d, rfk ièu xqjhiçu vdppd
idvelog1 Ghq olqmçulvhudgh v|vwhphw

:
�� @ a�2 /

:
�2 @ 3

kdu grfn qx oùvqlqjdu �� @ Cekt/ �2 @ k vrp ndq hm vwçppd phg idveloghq1 Ruvdnhq çu dww qx
Mdfreldqhqv ghwhuplqdqw çu qroo1 Yl ndq doowvè lqwh xssuhsd vdppd ehuçnqlqj vrp l sxqnwhq
e,1

71 d, Yl lqvhu vqdeew dww xnn2 @ axnn�. bynn� @ axnn�. b�xn hoohu xnn2� axnn�� b�xn @ 31
Ghq ndudnwhulvwlvnd hnydwlrqhq r2 � ar � b� @ 3 kdu wyè uhhood uùwwhu
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e, Yl vhu xu +4, dww hiwhuvrp r� çu qhjdwly vè ndq rvfloodwlrqhu iùuhnrpd l v|vwhphw1

f, Yloonruhw a. �b 9@ 4 phgiùu dww ghw �qqv hqeduw hq mçpylnwvsxqnw= ruljr +3; 3,1 Ruljr çu
vwdelo hqeduw rp mr�m < 4 rfk mr2m < 41 Hiwhuvrp mr�m < mr2m jhu ghvvd yloonru wloovdppdqv dww
mr2m < 4 gyv1 dww a .

s
a2 . 7�b < 51 Ghwwd jhu vqdeew dww ruljr çu vwdelo rp a < 5 rfk

a. �b < 41
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81 d, Vwhj 4 rfk 5= Yl ohwdu hiwhu oùvqlqjdu dy vhsduhudg w|s rfk vçwwhu doowvè lq dqvdw}hq
P +x; t, @ X+x,T +t, lq l SGH/ ylonhw ohghu vqdeew wloo hnydwlrqhq

T �

T
@ D

X ��

X
. �

gçu YO ehuru hqgdvw sè t phgdq KO ehuru hqeduw sè x1 Vèohghv/ eègd xwwu|fnhq pèvwh ydud
olnd phg hq nrqvwdqw k rfk yl ièu wyè +nrssodgh yld vhsdudwlrqvnrqvwdqwhq, RGHv=

T�@ kT / X �� .
�� k

D
X @ 3 +5,

ylondv oùvqlqjdu ehuru sè nrqvwdqwhq �� k =v whfnhq1

Idoo 4 = k > �1 L ghwwd idoo �3k
D < 3 rfk vèohghv ndq yl ehwhfnqd ghq phg �a2/ gçu doowvè

a @
t

k3�
D 1 Ghwwd jhu k @ �.Da21 Ghq doopçqqd oùvqlqjhq wloo +5, eolu

P +x; t, @ e+�nDa2,t �Aeax .Be3ax
�
:

Ghw iùuvwd udqgyloonruhw 3 @ P +3; t, ohghu wloo dww A . B @ 3 hoohu dww B @ �A1 Ghw dqgud
yloonruhw 3 @ P +L; t, jhu rvv gè eaL � e3aL @ 3 hoohu vlqk+aL, @ 3 ylonhw jhu a @ 31 Phq
yl dqwrj dww a 9@ 31 Yl �fn doowvè prwvçjhovh= ghw jèu lqwh dww xsi|ood udqgyloonruhq phg rp
k > �1

Idoo 5 = Dqwdjdqghw k @ � jhu hnydwlrqhq X �� @ 3 vrp çu ljhq riùuhqolj phg udqgyloonruhq1

Idoo 6 = Yl vhu doowvè dww k < �/ dqqduv ièu yl lqjhq oùvqlqj1 L ghwwd idoo ehwhfnqdu yl �3k
D > 3

phg !21 Yl kdu gè k @ �� !2D rfk hnydwlrqhuqd +5, dqwdu iruphq=

T � @ +�� !2D,T / X �� . !2X @ 3

phg ghq doopçqqd oùvqlqjhq

P +x; t, @ e+�3!
2D,t +A frv+!x, .B vlq+!x,, :

Ghw iùuvwd udqgyloonruhw 3 @ P +3; t, jhu qx dww A @ 3 phgdq ghw dqgud yloonruhw 3 @ P +L; t,
jhu dww vlq+!L, @ 3 ylonhw çu pùmoljw hqeduw rp !L @ n¡ l1h1 rp !n @ n¡

L / n @ 4; 5; 6; : : :
+qhjdwlyd n vdpw n @ 3 elgudu hm wloo ghq voxwjlowljd oùvqlqjhq 0 yduiùuB,1 Yl �fn doowvè hq
xssvçwwqlqj dy ixqgdphqwdod oùvqlqjdu

Pn+x; t, @ e+�3!
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Vwhj 6= Yl ohwdu hiwhu oùvqlqjhq dy khod LEYS sè iruphq=
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xu ylonhw yl ièu dww A. @ 4 phgdq uhvwhq dy nrh!flhqwhu An çu olnd phg qroo1 Ghq voxwjlowljd
oùvqlqjhq eolu

P +x; t, @ e

�
�3+.¡

L
,
2
D
�
t
vlq

�
:¡x

L
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:

e, Yl vhu dww dyylnhovhq P nrpphu dww ùyhuohyd rp � >
�
.¡
L

�2
D1

f, Xu ghwwd vhu yl dww olwhq D/ vwru L vdpw vwru � elgudu wloo dww dyylnhovhq ùyhuohyhu1

91 d, Yl gh�qhudu R�+c�; c2, @ ec2�c2 � �c�/ R2+c�; c2, @ ef � ec2�c21 Jhqrp dww oùvd v|vwhphw

R�+c�; c2, @ 3/ R2+c�; c2, @ 3 ièu yl ghw hqgd krprjhqd mçpylnwvoçjhw +c�; c2, @
�
ef
� ;

�2
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Ehwudnwd Phlqkdugw uhdnwlrq0gl�xvlrq v|vwhphw

@c�
@t

@ D�
@2c�
@x2

. ec2�c2 � �c� /
@c2
@t

@ D2
@2c2
@x2

. ef � ec2�c2 +7,

gçu dood nrqvwdqwhu e/ ef/ �/ D� rfk D2 > 31

e, Mdfrelpdwulvhq dy v|vwhphw eolu

A @

�
a�� a�2
a2� a22

�
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�
5ec�c2 � � ec2�
�5ec�c2 �ec2�

�����
Ec�;c2�

@
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� ee2f=�

2
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2
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rfk doowvè çpqhw 4 çu dnwlydwru +a�� @ � > 3,/ çpqhw 5 çu lqklelwru +a22 @ �ee2f=�
2 < 3,

phgdq ghq nhplvnd uhdnwlrqhq çu dy *srvlwlyh0ihhgedfn* w|shq1

f, Nhplvnd uhdnwlrqhq çu vwdelo rp Wu+A, < 3 rfk ghw+A, > 31 Ghw dqgud yloonruhw çu doowlg
xssi|oog w| ghw+A, @ ee2f=� > 31 Ghw iùuvwd yloonruhw kdu iruphq �� < ee2f rfk rp ghq çu
xssi|oog çu doowvè uhdnwlrqhq vwdelo1

g, Nudyhw a��D2.a22D� > 3 ndq xssi|oodv jhqrp dww yçomd vwru D2 rfk olwhq D�1 Ghwvdppd
jçoohu ghw dqgud nudyhw=

a��D2 . a22D� @ �D2 � ee2f
�2

D� > 5
s
D�D2+ghwA,

�=2 @ 5
s
D�D2 � ef

u
e

�

Jhqrp dww ùnd D2 rfk plqvnd D� sè vègdqw vçww dww D�D2 ehydudv nrqvwdqw ndq pdq vè
vpèqqlqjrp xssi|ood rolnkhwhq/ ylonhw ohghu wloo gl�xvlrq0gulyhq lqvwdelolwhw1
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