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41 d, Xu hnydwlrqhq f+x, @ rx
�
4� x

K

��Ex2 @ 3 ièu yl wyè mçpylnwvoçjhq=

b

x� @ 3 rfk
b

x2 @
rk

r .Ek
> 3

f �+x, @ r � 2rx
K � 5Ex @ r � 5x

�
rnEk
k

�
vè dww f �+

b

x�, @ r > 3 rfk doowvè
b

x� çu doowlg lqvwdelo/
phgdq f �+

b

x2, @ �r < 3 ylonhw jhu dww
b

x2 çu doowlg vwdelo1

e, Vh Iljxu 41

f, Hqoljw Iljxu 4 çu eçudqghndsdflwhwhq olnd phg
b

x2w| rp srsxodwlrqhq ùyhuvwljhu
b

x2nrpphu
ghq dww plqvnd vxnfhvvlyw wloo qlyèq

b

x2rfk rp srsxodwlrqhq ylg qèjrq wlgsxqnw oljjhu xqghu
b

x2 gè nrpphu ghq dww vwljd prw
b

x21

51 V|vwhphwv pdwulv

A @

�
3 �!
! 3

�
kdu wyè nrpsoh{ nrqmxjhudgh hjhqyçughq ��;2 @ 3	 i! phg prwvydudqgh hjhqyhnwruhu=

~v� @

�
i
4

�
rfk ~v2 @

� �i
4

�

vè dww ghq doopçqqd oùvqlqjhq dy v|vwhphw jhv dy�
x+t,
y+t,

�
@ eft

�
C�~v�e

i!t .C2~v2e�i!t
�
@ A

� � vlq+!t,
frv+!t,

�
.B

�
frv+!t,
vlq+!t,

�

gçu A @ C� . C2 rfk B @ i+C� � C2,1 Xu ghwwd ièu yl vqdeew dww x2+t, . y2+t, @ A2 .
B2 ylonhw w|ghu sè dww oùvqlqjvnxuyru çu flunodu phg plwwsxqnwhq l ruljr rfk phg udglxvs
A2 .B2 ehurhqgh sè ehj|qqhovhyloonruhw1 Ruljr çu doowvè hq vwdelo/ phq hm dv|pswrwlvn

vwdelo/ mçpylnwvsxqnw1

61 d, V|vwhphw ehvnulyhu vlwxwdwlrqhq gçu e|wh +N�, iùu dww nxqqd ùyhuohyd pljuhudu iuèq rpuèghw
+vrp çu i|oog phg urygmxu N2, phg hq nrqvwdqw kdvwljkhw s1 Urygmxu ndq hm ùyhuohyd xwdq
e|wh rfk ylg ghudv iuèqydur gùu gh xw phg udwlr c phgdq e|wh nodudu vlj hqvdppd l plomùq
xwdq urygmxu +rfk gè iùuùndu gh vlj phg udwlr r,1 Gh eègd surgxnwwhuphu çu gh ydqoljd
Orwnd0Yrowhuud whuphu vrp ehvnulyhu kxu iuhnyhqvhq dy pùwhq phoodq urygmxu rfk e|wh +vrp
çu sursruwlrqhoow prw surgxnwhq dy N� rfk N2, sèyhundu wlooyç{whq dy eègd duwhu1
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e, Sè juxqg dy vdpedqghw s=r @ c=� kdu yl edud hq mçpylnwvsxqnw +s=r; 3, @ +c=�; 3,1
Mdfrelpdwulvhq dy v|vwhphw

J @

�
r � �N2 ��N�

�N2 �c. �N�

�

ehuçnqdg ylg mçpylnwvsxqnwhq +s=r; 3, @ +c=�; 3, çu

J+s=r; 3, @

�
r ��s=r
3 3

�

vè dww Tr J+s=r; 3, @ r > 3 rfk sxqnwhq çu lfnh0vwdelo1

f, N�0qxoofolqhv jhv dy rN� � �N�N2 � s @ 3 ylonhw kdu edud hq oùvqlqj= k|shuehoq N2 @
r
� � s

�
�
N�

1 N20qxoofolqhv çu oùvqlqjdu dy �cN2 . �N�N2 @ 3 ylonhw kdu wyè oùvqlqjdu= N2 @ 3
hoohu N� @ c=�1 Dood wuh qxoofolqhv vnçu l mçpylnwvsxqnwhq1 Ylgduh/ dN�=dtmN2'f

@ rN� � s
çu srvlwly wloo kùjhu rp mçpylnwvsxqnwhq rfk qhjdwly wloo yçqvwhu rp ghqqd/ ylonhw jhu dww
v|vwhphwv yhnwruiçow shndu èw kùjhu wloo kùjhu rp mçpylnwvsxqnwhq rfk èw yçqvwhu wloo yçqvwhu
dy mçpylnwvsxqnwhq1 Doow ghwwd soxv olnqdqgh dqdo|v dy ulnwqlqjhq dy yhnwruiçowhw jhu idveloghq
hqoljw Iljxu 51

g, Xu idveloghq vhu pdq dww dood wudmhnwrulhu xwrp gh vrp eùumdu sè olqmhq N2 @ 3 wloo kùjhu
rp mçpylnwvsxqnwhq nrpphu lqrp hww çqgolj +yduiùuB, wlg dww jè jhqrp N2�d{hoq ylonhw
ehw|ghu dww rpuèghw eolu iul iuèq e|wh +vrp çqwoljhq gùu xw/ eolu xssçwwqd dy urygmxu hoohu
pljuhudu wloo vçnuduh vwçoohq,1

71 Hiwhuvrp y @ f+x, rfk x @ f+y, vè kdu yl dww f+f+x, @ x gyv1 sxqnwhq x çu mçpylnwvsxqnwhq
iùu ghq vdppdqvçwwd ixqnwlrqhq g @ f �f +vdppd vdn ndq vçjdv rp sxqnwhq y,1 Vwdelolwhw dy
50f|no +x; y, çu vdppd vrp vwdelolwhw dy x ylg dyelogqlqjhq g @ f �f +yduiùuB,1 Vwdelolwhwvnul0
whulhw kdu doowvè iruphq mg�+x,m < 4 vrp hqoljw nhgmhuhjhoq dqwdu iruphq mf �+f+x,,f �+x,m < 4
ylonhw dyvoxwdu ehylvhw/ w| y @ f+x,1

81 Yduldeohe|wh S+x; t, @ e�tw+x; t, iùuydqgodu yèu LEYS wloo iùomdqgh sureohp=;?
=

SGH= wt @ Dwxx

EFv= w+3; t, @ w+L; t, @ 3
LF= w+x; 3, @ vlq +5¡x=L,

+4,

Vwhj 4= Yl ohwdu hiwhu oùvqlqjdu dy vhsduhudg w|s rfk vçwwhu doowvè lq dqvdw}hq w+x; t, @
X+x,T +t, lq l SGH/ ylonhw ohghu vqdeew wloo hnydwlrqhq

T �

DT
@

X ��

X

gçu YO ehuru hqgdvw sè t phgdq KO ehuru hqeduw sè x1 Vèohghv/ eègd xwwu|fnhq pèvwh ydud
olnd phg hq +qhjdwly/ dqqduv nrpphu T +t, vwljd rlqvnuçqnw, nrqvwdqw ��21 Ghwwd ohghu wloo
wyè +nrssodgh yld vhsdudwlrqvnrqvwdqwhq �, RGHv

T � .D�2T @ 3 / X �� . �2X @ 3;
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ydudy iùuvwd kdu ghq doopçqqd oùvqlqjhq T +t, @ Ce3D�
2t rfk ghq dqgud X+t, @ A frv+�x, .

B vlq+�x,1 Vèohghv/ hohphqwçud vhsduhudgh oùvqlqjdu kdu iruphq

w+x; t, @ e3D�
2t +A frv+�x, .B vlq+�x,, +5,

Vwhj 5= Yl vçwwhu lq +5, l udqgyloonruhq EFv1 Nudyhw w+3; t, @ 3 ohghu wloo A @ 3 ylonhw
xwwq|wmdv l ghw dqgud nudyhw w+L; t, @ 3 vrp gè dqwdu iruphq vlq+�L, @ 31 Ghwwd ohghu wloo
*nydqwl�hulqj* dy yèjqxpphu �=

�n @
n¡

L
n @ 4; 5; 6; : : :

+qhjdwlyd n lqvçwwd l +5, jhu lqjd q|d elgudj/ olndvè n @ 3,1 Yl ièu doowvè hq iùomg dy ixqgd0
phqwdod oùvqlqjdu sè iruphq

wn+x; t, @ e3D�
2
nt vlq+

n¡x

L
, n @ 4; 5; 6; : : :

Vwhj 6= Yl ohwdu hiwhu oùvqlqjhq wloo +4, sè iruphq

w+x; t, @
"[
n'�

Ane
3D�2nt vlq+

n¡x

L
,: +6,

Xwwu|fnhw +6, vdwlvihudu eègh SGH rfk EFv iùu +qçvwdq, ydumh jrgw|fnolj ydo dy nrqvwdqwhu
An1 Vlvwd nudyhw +ehj|qqhovhyloonruhw LF, jhu rvv dww

vlq+
5¡x

L
, @ w+x; 3, @

"[
n'�

An vlq+
n¡x

L
,

ohghu vqdeew wloo dww A2 @ 4 phgdq uhvwhq dy An çu olnd phg 31 Vèohghv/ oùvqlqjhq wloo ghw
xuvsuxqjoljd sureohphw dqwdu iruphq

S+x; t, @ e

�
�3D+ 2¡

L
,
2
�
t
vlq

�
5¡x

L

�
: +7,

e, Iuèq +7, vhu pdq dww sodqnwrqsrsxodwlrqhq gùu xw rp � < D e¡2

L2
:

f, Idnwruhu vrp elgudu wloo dww srsxodwlrqhq gùu xw çu= vwru gl�xvlrqvnrh!flhqw D/ olwhq L
vdpw olwhq �1

91 d, Yloonru @ci
@t @ 3/ @ci

@x @ 3 phgiùu dww R�+c�; c2, @ 3 rfk R2+c�; c2, @ 3 gçu R�+c�; c2, @
c2�c2�c�.b rfkR2+c�; c2, @ �c2�c2.a1 Ghwwd ohghu wloo hww iùomdqgh krprjhqw mçpylnwvwloovwèqg=

+c�; c2, @

�
a. b;

a

+a. b,2

�

vrp çu doowlg elrorjlvn phqlqjvixo w| a rfk b dqwdv ydud srvlwlyd1
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e, Mdfrelpdwulvhq A dy v|vwhphw ehuçnqdg ylg +c�; c2, jhv dy

A @

�
a�� a�2
a2� a22

�
@

%
@R�
@c�

@R�

@c2
@R2
@c�

@R2

@c2

&�����
Ec�;c2�

@

� a3b
anb +a. b,2

� 2a
anb �+a. b,2

�

rfk hiwhuvrp ghwA @ +a . b,2 > 3 vmçoyd uhdnwlrqhq eolu vwdelo rp Tr+A, < 3/ gyv1 rp
a�b < +a.b,�1 Gl�xvlrq0gulyhq lqvwdelolwhw xssvwèu rp a��D2.a22D� > 5

s
D�D2+ghwA,

�=2

ylonhw l yèuw idoo oçvhv vrp

a� b

a. b
D2 � +a. b,2D� > 5

s
D�D2+a. b,

Ghqqd rolnkhw ndq xsi|oodv w1h{1 jhqrp dww ùnd D2 rfk vdpwlgljw plqvnd D� vè dww D�D2 eolu
nrqvwdqw ylonhw lqqheçu dww gl�xvlrq0gulyhq lqvwdelolwhw ndq xssvwè l v|vwhphw1

f, Pdq lqvhu vqdeew dww hiwhuvrp a��D2 . a22D� > 3 vè çu a > b rfk doowvè a � b > 3 gyv1
a�� > 3 phgdq a22 @ �+a. b,2 < 31 Ghwwd phgiùu dww c� çu dnwlydwru phgdq c2 çu lqklelwru1

g, Whfnhqxssvçwwqlqj dy hohphqw l pdwulvhq A lqglnhudu dww uhdnwlrqhq çu dy w|s *srvlwlyh
ihhgedfn*1
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