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41 d, Hnydwlrqhq çu vhsdudeho 0 yduldeohuqd vhsduhudv jhqrp

dx

vlq2 +�x,
@ adt

rfk ohgylv lqwhjudwlrq ohghu wloo ]
dx

vlq2 +�x,
@

]
adt;

gyv wloo
� 4

�
frw+�x, @ at.C;

rfk lqvçwwqlqj dy ehj|qqhovhyloonruhw jhu dww C @ 31 Ghq vlvwd hnydwlrqhq ndq oùvdv phg
dyvhhqgh sè x/ ylonhw jhu ghq vùnwd oùvqlqjhq=

x+t, @
4

�
+duffrw+��at,,

e, Hiwhuvrp

x+t, @
4

�
+duffrw+��at,, @

4

�

�¡
5
� dufwdq+��at,

�
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4
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�¡
5
. dufwdq+�at,

�
pèvwh ixqnwlrqhq x +t, vh xw vrp sè Iljxu 41

f, Eçudqghndsdflwhwhq dy plomùq çu olpt<" x+t, @ ¡=�1 Ghwwd ndq çyhq dyoçvdv xu Iljxu 41

51 d, V|vwhphwv pdwulv
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�
kdu wyè nrpsoh{nrqmxjhudgh hjhqyçughq ��;2 @ �
 i� phg prwvydudqgh wyè nrpsoh{d hjhq0
yhnwruhu
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�
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�
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+rev1 whfnhqxssvçwwqlqj,1 Ghq doopçqqd oùvqlqjhq jhv vèohghv dy�
x+t,
y+t,
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Iljxuh 4=

Iljxuh 5=

Ghq uhhood iruphq ièu yl rp yl vçwwhu D� @ C� .C2/ D2 @ i+C2 �C�,=�
x+t,
y+t,

�
@ e�t

�
D� frv+�t, .D2 vlq+�t,
D� vlq+�t,�D2 frv+�t,

�

Hq dowhuqdwlyw phwrg çu dww oùvd vdppd v|vwhphw l sroçud nrruglqdwhu +r; �,/ w| l gh nrrugl0
qdwhuqd v|vwhphw kdu vshflhoow hqnho irup=

u

r @ �r/
u

� @ �

ylonhw jhu rvv oùvqlqjhq r+t, @ rfe�t/ �+t, @ �f . �t1

e, ghw+A, @ �2 . �2 > 3 vè ruljr +3; 3, çu hq hqgd mçpylnwvsxqnw1 Hiwhuvrp ��;2 @ � 
 i�
phg � > 3 yhw yl dww idveloghq eolu hq rvwdelo vsludo fhqwuhudg l ruljr/ vrp sè Iljxu 51
Ghwwd iudpjèu çyhq dy ghq doopçqqd oùvqlqjhq sè sroçuirup +vh d,, hoohu dy ghw idnwxp
dww Wu+A, > 3/ ghw+A, > 3 phgdq glvnulplqdqwhq dy A çu plqguh çq qroo +hqoljw %� � �%
gldjudpphw,1
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61 d, Nhprvwdwhnydwlrqhuqd kdu wyè mçpylnwvsxqnwhu
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/ +n2; c2, @ +3; �2,

V|vwhphwv Mdnrelpdwulv l sxqnwhq +n2; c2, dqwdu iruphq

J @ J+3; �2, @
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gçu A @ �2=+4 .�2,1 Sxqnwhq çu vwdelo rp rfk hqgdvw rp Wu+J, < 3 rfk ghw+J, > 3 ylonhw l
ghwwd idoo ohghu wloo iùomdqgh wyè rolnkhwhu=

��A� 5 < 3/ 4� ��A > 3:

Gh çu xssi|oogd vdpwlgljw rp rfk hqgdvw rp ��A < 4 gyv rp

+�� � 4,�2 < 4: +4,

e, Yloonruhw +4, ehw|ghu dww dqwlqjhq l, �� � 4 hoohu ll, �2 < 4=+�� � 4,1 L eçjjh idoo çu
ghq iùuvwd mçpylnvwsxqnwhq xwdqiùu ghq iùuvwd nydgudqwhq/ doowvè h{lvwhudu lqwh l elrorjlvn
phqlqj1 Yloonruhw l, ehw|ghu dww ednwhulhu kdu iùu olwhq wlooyçnwnrh!flhqw iùu dww ùyhuohyd
phgdq yloonruhw ll, ehw|ghu dww ednwhulhu iùuylvvr kdu wloouçfnoljw vwru wlooyç{wnrh!flhqw phq
ghw qçulqjvçpqhw vrp  ùgdu lq l nhprvwdwhq kdu iùu oèj nrqfhqwudwlrq �21 L eçjjh idoohq gùu
doowvè ednwhulhsrsxodwlrqhq xw1

71 d, Hnydwlrqhq xnn� @ �
2nxn

� f+xn, kdu wyè mçpylnwvsxqnwhu= x�;2 @ �4 	 s
51 Hiwhuvrp

f �+x, @ �4=+5 . x,2 kdu yl dww
��f �+�4 .

s
5,
�� @ 4=+4 .

s
5,2 < 4 phgdq

��f �+�4�s
5,
�� @

4=+4�s
5,2 > 41 Ghwwd phgiùu dww x� @ �4 .

s
5 çu vwdelo phgdq x2 @ �4�s

5 çu rvwdelo1

e, Hnydwlrqhq x @ f+f+f+x,,, dqwdu iruphq

x @
4

5 . �
2n �

2nx

rfk kdu oùvqlqjdu �4.
s
5 rfk �4�s

5 ylond vdppdqidoohu phg mçpylnwvsxqnwhuqd +40f|nohu,
x�;21 Hnydwlrqhq kdu vèohghv lqjd jhgljqd wuh0f|nohu +rp ghq kdiw vègdqd f|nohu vè vnxooh ghq
kd çyhq dood dqgud shulrghu/ hqoljw Vkdunryvnlmvvdwvhq,1

81 Hiwhuvrp udqgyloonruhq çu lfnh0krprjhqd/ jùu yl iùuvw hww yduldehoe|wh w+x; t, @ u+x; t,� L1
Yl ièu iùomdqgh LEYS iùu ixqnwlrqhq w=

;?
=

SGH= wt @ �2wxx/ 3 < x < L/ 3 < t < 4
EFv= wx+3; t, @ ux+3; t, @ 3/ w+L; t, @ L� L @ 3/ 3 < t < 4
LF= w+x; 3, @ � frv+ D¡2Lx, . frv+ b¡2Lx, . L� L/ 3 < x < L

+5,

ylonhw ndq oùvdv phg yduldehovhsdudwlrq1
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Vwhj 4= Yl ohwdu hiwhu oùvqlqjdu dy vhsduhudg w|s rfk vçwwhu doowvè lq dqvdwvhq w+x; t, @
X+x,T +t, lq l SGH/ ylonhw ohghu wloo hnydwlrqhq

T �

�2T
@
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X

gçu YO ehuru hqgdvw sè t phgdq KO ehuru hqeduw sè x1 Vèohghv/ eègd xwwu|fnhq pèvwh ydud
olnd phg hq +qhjdwly/ dqqduv xssi|oohu hqgdvw X+x, @ 3 udqgyloonruhq, nrqvwdqw ��21 Ghwwd
ohghu wloo wyè +nrssodgh yld vhsdudwlrqvnrqvwdqwhq �, RGHv

T � . �2�2T @ 3 / X �� . �2X @ 3;

ydudy ghq iùuvwd kdu ghq doopçqqd oùvqlqjhq T +t, @ Ce3E���
2t rfk ghq dqgud X+t, @

A frv+�x, .B vlq+�x,1 Vèohghv/ gh hohphqwçud vhsduhudgh oùvqlqjdu kdu iruphq

w+x; t, @ e3E���
2t +A frv+�x, .B vlq+�x,, +6,

Vwhj 5= Yl vçwwhu lq +6, l udqgyloonruhq EFv1 Nudyhw 3 @ wx+3; t, @ e3E���
2t +B�, ohghu wloo

B @ 3 ylonhw xwwq|wmdv l ghw dqgud nudyhw 3 @ w+L; t, @ e3E���
2tA frv+�L, vrp gè dqwdu

iruphq frv+�L, @ 31 Ghwwd ohghu wloo nydqwl�hulqj dy yèjqxpphu �=
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+qhjdwlyd n lqvçwwd l +6, jhu lqjd q|d elgudj/ gçuhprw n @ 3 jùu ghw,1 Yl ièu doowvè hq iùomg
dy ixqgdphqwdod oùvqlqjdu sè iruphq
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Vwhj 6= Yl ohwdu hiwhu oùvqlqjhq wloo +5, sè iruphq
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Xwwu|fnhw +7, vdwlvihudu eègh SGH rfk EFv iùu +qçvwdq, ydumh jrgw|fnolj ydo dy nrqvwdqwhu
An1 Vlvwd nudyhw +ehj|qqhovhyloonruhw LF, jhu rvv dww
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rfk ohghu vqdeew wloo dww A2 @ �4/ Ae @ 4 phgdq uhvwhq dy An çu olnd phg 31 Vèohghv/
oùvqlqjhq wloo ghw xuvsuxqjoljd sureohphw dqwdu iruphq
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91 d, V|vwhphw ehvnulyhu hq urygmxu0e|wh0prghoo phg pljudwlrqvwhuphu �i
@2ci
@x2

1 E|wh c� yç{hu
orjlvwlvnw phg eçudqghndsdflwhw K +whuphq rc� +4� c�=K,, phgdq urygmxu ylg iuèqydurq dy
e|wh iùuvylqqhu h{srqhqwlhoow +whuphq ��c2,1 Ylgduh/ whuphq ��c�c2 ehvnulyhu plqvnqlqj dy
e|wh sjd pùwhq phg urygmxu rfk whuphq �c�c2 ehvnulyhu ùnqlqj dy urygmxu sjd vdppd pùwhq1

e, Yl gh�qhudu R�+c�; c2, @ rc�
�
4� c�

K

� � �c�c2 / R2+c�; c2, @ ��c2 . �c�c21 Jhqrp dww
oùvd v|vwhphw R�+c�; c2, @ 3/ R2+c�; c2, @ 3 ièu yl wuh krprjhqd mçpylnwvoçjhq/ ydudy edud

hq lfnh0wulyldo= +c�; c2, @
�
�
�
; r
�

�
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1 Ghqqd sxqnw çu phqlqjvixoo +gyv oljjhu l iùuvwd

nydgudqwhq, hqeduw rp � < K�1

f, Mdfrelpdwulvhq dy v|vwhphw eolu

J @ J+c�; c2, @

#
� r�

�K
��c�

�c2 3

$

Hiwhuvrp Wu+J, < 3 rfk ghw+J, @ ��c�c2 > 3 vè vqduw ghq lfnh wulyldod sxqnwhq +c�; c2, oljjhu
l iùuvwd nydgudqwhq vhu yl dww duwhuqdv vdpohyqdg çu gè vwdelo1 Phq hiwhuvrp J22 @ 3 ndq
yloonruhw iùu gl�xvlrqvgulyhq lqvwdelolwhw lqwh xsi|oodv l ghq kçu prghoohq1
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