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An Exact Expression for the Average Aol in a Multi-Source M/M/1 Queueing Model

Background: Definition and Appliances

m Time sensitive information updates of a random process

» Temperature of a specific environment (room, greenhouse, etc.)
> A vehicular status (position, acceleration, etc.)

m A status update packet contains

» The measured value of the monitored process
» A time stamp representing the time when the sample was generated

process of interest

X(®)

destination
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m One key enabler for these services is the freshness of the sensor's
information at the destinations
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Background: Age of Information

m The traditional metrics (throughput and delay) can not fully
characterize the information freshness
m Aol is the time elapsed since the last received status update was
generated, i.e., the random process
A(t) =t —uf(t) (1)
> u(t) is the time stamp of the most recently received update

age of information
A(t) =t —u(t)

th tt & t3 th
u® =t u®=t, w®) =t

m Average Aol: The most commonly used metrics for evaluating the Aol
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System Model

m A set of independent sources

The packets are generated according to the Poisson process

m An exponentially distributed service time (1/u)

m FCFS multi-source M/M/1 queueing model @ A

m Two sources without loss of generality s“ “ s [[[[F—

m The average Aol of source 11 ( e -
Ar=X\ <E[}2(122] +E[X71,:51,:] + E[Xl,iwl,i]> (2)

» X, represents the ith interarrival time of source 1
» Sy, represents the service time of packet 1,1
» Wiy, represents the waiting time of packet 1,4

1[Rl] R. D. Yates and S. Kaul, “Real-time status updating: Multiple sources,” in Proc. IEEE Int. Symp. Inform. Theory,
Cambridge, MA, USA, Jul. 16, 2012, pp. 26662670.
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Aol in a Multi-Source M/M/1 Queueing Model (1/9)

m The first term in (2): The interarrival time of source 1 follows the
exponential distribution with parameter \;
E[X7;] =2/X] (3)
m The second term in (2): The interarrival time and service time of the
packet 1,7 are independent
1
E[X1,i51] = E[X1,]E[S1,] = —— (4)
HAL
m The third term in (2) (E[X; ;W1 ;]): First we characterize the waiting
time Wy ; by means of two events EEZ- and E%Z as

EEi ={Ti,1 > X1}, (5)
E{Jl ={T1i-1 < X1}

» T1,; = S1,; + Wh, represents the system time of packet 1,¢ — 1
\l/
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Aol in a Multi-Source M/M/1 Queueing Model (2/9)

m Event EFi

m Event E%l

B

Trin = Xvi+ Diems, S200 By

Wi = : L
Zi’eM%i Sa,ir5 Ets

» M3,: the set of packets of source 2 that must be served under Ep;
> M%Z the set of packets of source 2 that must be served under E{‘l
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Aol in a Multi-Source M/M /1 Queueing Model (3/9)
m The residual system time in the case EEi
RY, =Ti;1— X,
m The total service time of source 2 packets in the case EEi
SEi = Zi'eMgi S2ﬂ"
m The total service time of source 2 packets in the case E{“l
S1L,z‘ = Zz"e/\/t%ﬂ. S2,z"

m Consequently, the third term in (2) is given as
E[X1,:W1,] = <E[R]13,iX1,z'|EE¢] + E[SEin,i|E]13,i]> P(EY;)

+ E[S%ZXIZ‘E%’L]P(E%Z) (7)
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Aol in a Multi-Source M/M/1 Queueing Model
m Calculation of P(EEi)

o0
P(ED;) = /O P(Thi1 2 X14Thi-1 =t) fry,_, (D)dt

(4/9)

(8)

:/ FXl,i(t)le,i—l(t)dt = 1_/ e_Althl,i—l(t)dt =1- LT()‘l)a
0

0
m Ly(a) is given as
(1 —=p)MiLs(n)
Lr(\) = A — A1 = Ls(\))

m Lg(\1) is given as

Lg(A :/ e~ (M)sgg — _H
s(A1) N Py

[ E%l is the complimentary event of EEi

P1

L—p
P(Ele) P(EEz‘):l _P(Eii)zl ~ s

C1—p
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Aol in a Multi-Source M/M/1 Queueing Model (5/9)
m Calculation of IE[REZ-XLZ-]EEJ (The first term in (7))

E[REin,i‘EEi] = E[Tl,i—le,i’EEi] - E[Xlzz’ER] (12)

[e olyilee] 002
:/ /xthlmTullE?i(x’ t)dazdt—/x le’AEisi(x)dx,
0 JO ’ 0 ’

> PDF fx, .1y, g0, (2,1)

0 x>t
T = 13
Pruster, {u2(1 —p)(1 = pa)eMiTemH=t g <y ()

> PDF fx, iz, (7)

fX1,i\EEi (73) = ,M(l — pQ)G*N(lfpg)m (14)
> The first term in (7)
1
ERB.Xl . EB. _ "
A = =) (15)
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Aol in a Multi-Source M/M/1 Queueing Model (6/9)

m Calculation of E[Sfch,i\Efi] (The second term in (7))

oo
E[SP,X14|EP;] = /0 VB[ e, So| By Xoi=2] f, p, (2)da
* 9
= ,02/0 T le’i‘EEi(x)dx (16)
> PDF fx, g5, ()
le,i‘EEi (33) = ,U(l - pQ)@*#(lfpg)m (17)
m The second term in (7)
2p2
E SBX 'EB- _ 4P
Sl =
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Aol in a Multi-Source M/M/1 Queueing Model (7/9)
m Calculation of E[ST';X1;|EL;] (The third term in (7))
LZ]: / / IEE[ ZiIEML -‘51271'”X17’i = l’,TLZ',l = t’Eii]' .

qule [IBE, (x,t)dxdt = / / acIE M22|
Xii=x,T1 ;1 =1, El,i] fXLiTLi71|E%i(ZB,t)dl’dt

1 o o
:/ / xZ;OZOmPr[M;i:m\XM =z,

Tll 1= t El 74]f‘){1 ITl’L 1|EL (l‘ t)dxdt (18)

X Tiict e
B ——

E[ST;

Xl/l
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Aol in a Multi-Source M/M/1 Queueing Model (9/9)

m The third term is given by

ML= p) [ o
E[Wl,iXu!Efi]:;((EL/;)/o /0 (t+7)e )
Li

00 00 D A J A Al —
(ST m P57 Jarae & S S upr ) (19

m The average Aol of source 1

Ar =X (1= p)¥(u, pr, Ao)+ (20)
11 p  (2p2—1(p—1)  2pipa(p—1)
u<p1+1—p+ (1—p2)? " (1= p2)? >
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for the Average Aol in a Multi-Source M/M/

Results

m Exponential distribution with =1 and Ay =

Average Aol of source 1 (AI)

[~e—Reference [R1]

—#=Simulation

—e—Exact calculation (this paper)

—+Reference [R2]

0.16 0.18

0.2

Arrival rate of source 1 ()\1)

[R1] M. Moltafet, M. Leinonen, and M. Codreanu, “Closed-form expression for the average age of information in
a multi-source M/G/1 queueing model,” in Proc. IEEE Inform. Theory Workshop, Visby, Gotland, Sweden, Aug.

[R2] R. D. Yates and S. Kaul, “Real-time status updating: Multiple sources,” in Proc. IEEE Int. Symp. Inform.
Theory, Cambridge, MA, USA, Jul. 16, 2012, pp. 26662670.
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Thank You For Your Attention!

Questions?

(mohammad.moltafet@oulu.fi)
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