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Abstract. A shortest path joining two specified endpoint configurations
that is constrained to have mean curvature at most ς on every non-zero
length sub-path is called a ς-geodesic. A seminal result in non-holonomic
motion planning is that (in the absence of obstacles) a 1-geodesic consists
of either (i) a (unit-radius) circular arc followed by a straight segment
followed by another circular arc, or (ii) a sequence of three circular arcs
the second of which has length at least π [Dubins, 1957]. Dubins’ original
proof uses advanced calculus; Dubins’ result was subsequently rederived
using control theory techniques [Sussmann and Tang, 1991], [Boissonnat,
Cérézo, and Leblond, 1994], and generalized to include reversals [Reeds
and Shepp, 1990].

We introduce and study a discrete analogue of curvature-constrained
motion. Our overall goal is to show that shortest polygonal paths of
bounded “discrete-curvature” have the same structure as ς-geodesics,
and to show that properties of ς-geodesics follow from their discrete
analogues as a limiting case, thereby providing a new, and arguably sim-
pler, “discrete” proof of the Dubins characterization. Our focus, in this
paper, is on paths that have non-negative mean curvature everywhere; in
other words, paths that are free of inflections, points where the curvature
changes sign. Such paths are interesting in their own right (for example,
they include an additional form, not part of Dubins’ characterization),
but they also provide a slightly simpler context to introduce all of the
tools that will be needed to address the general case in which inflections
are permitted.

1 Introduction

Curvature-constrained paths are a fundamental tool in planning motion with
bounded turning radius. Paths that are smooth (continuously differentiable) have
the advantage that they may look more appealing and realistic than polygonal
(piecewise-linear) paths. Nevertheless, polygonal paths are a much more common
model in geometry, exactly because of their discrete nature, and for this same
reason they have the potential of providing simpler and more intuitive proofs
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of properties of their smooth counterparts. Furthermore, from an applications
perspective, polygonal paths are more natural to plan, describe and follow. For
instance, in air traffic management—one of our motivating applications—an air-
craft flight plan (a list of “waypoints”) is represented on the strategic level by
a polygonal path whose vertices are the GPS waypoints. The actual smoothly
turning trajectory at a waypoint is decided by the pilot on the tactical level
when executing the turn (see [25] for more on curvature-constrained route plan-
ning in air transport). We are thus motivated to formulate a discretized model
of curvature-constrained motion.

Smooth paths of bounded curvature. In studying smooth paths of bounded cur-
vature, L. E. Dubins [15] observed that if one restricts attention to paths whose
curvature is defined at every point then there are situations in which short-
est paths do not exist. On the other hand, if one only requires that paths are
everywhere differentiable (that is their slope is well-defined at every point) then
their mean curvature is well-defined on every non-zero length sub-path. Thus,
Dubins chose to define a path to have bounded curvature if its mean curvature
is bounded everywhere. Specifically, let γ be a smooth path, parameterized by
its arclength. For any t in the domain of γ, let γ′(t) denote the derivative of
γ at t – the unit vector tangent to γ at t. The path γ is said to have mean
curvature at most one if ∠st ≤ s − t, for any t < s < t + π, where ∠st denotes
the angle between the directions of γ′(s) and γ′(t). (In other words, γ′, viewed
as mapping from the domain of γ to the unit circle, is 1-Lipschitz.) Furthermore,
there is no loss of generality in restricting attention to the case where the mean
curvature bound is one, since the general case can be reduced to the unit case by
suitable scaling. Accordingly, we hereafter use the term “curvature-constrained”
as a shorthand for “has mean curvature bounded by one”, and we refer to paths
with this property as cc-paths.

Dubins’ characterization, a seminal result in curvature-constrained motion
planning, states that, in the absence of obstacles, shortest curvature-constrained
paths in the plane, are one of two types: (i) a circular arc followed by a line
segment followed by another arc, or (ii) a sequence of three circular arcs, the
second of which has length at least π.

Discrete circular arcs. While several possibilities suggest themselves as ways
to formulate a discrete analogue of unit-bounded curvature1, it seems that all
such formulations are based on a natural notion of discrete circular arcs. Let
0 < θ ≤ π/2 be a given angle. We say that a polygonal chain forms a θ-discrete
circular arc (or simply a discrete circular arc if θ is understood) if (i) its vertices
belong, in sequence, to a common circle of radius one, and (ii) successive edges
have length at most dθ = 2 sin θ

2 (that is they subtend a circular arc of length
at most θ). Any portion of regular polygon with k ≥ 3 sides, inscribed in a unit
circle, provides a prototypical (2π/k)-discrete circular arc.

1 In an earlier draft [18], the authors proposed an alternative definition which had
some deficiencies that are resolved by the definition used in this paper.
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Fig. 1. Local conditions for θ-discrete
curvature-constrained paths.

Polygonal paths of bounded discrete-
curvature. Discrete circular arcs not
only satisfy our intuitive notion of
polygonal path with bounded discrete-
curvature but, like their smooth
counterparts, they seem to capture
the extreme case. It is interesting
to ask what properties a path P
with bounded discrete-curvature
should have in general. To ensure
that such a path does not turn “too
sharply” it seems natural to require
that, like discrete circular arcs, P
should turn by at most θ at each of
its interior vertices. However, such a
restriction alone does not guarantee
that P will serve as a bona fife discrete
analogue of a bounded-curvature path:
many short successive edges of P , each
turning only slightly, can simulate a sharp turn. Taking further inspiration from
discrete circular arcs, that permit short edges with correspondingly gentle turns,
we define:

Definition 1. A polygonal path 〈v1, v2, . . . , vn〉 has θ-discrete-curvature (or just
discrete-curvature, if θ is understood) at most one if, for 1 < i < n, the turn at
vi, the difference between the angles of the rays vi−1vi and vivi+1, is no more
than sin−1(min{dθ,|vi−1vi|}

2 ) + sin−1(min{dθ,|vivi+1|}
2 ).

Remark 1. As with its smooth counterpart, we hereafter use the term “θ-discrete-
curvature-constrained” (frequently abbreviated as “θ-dcc”) to mean “has θ-
discrete-curvature bounded by one”. It is easy to confirm that (i) any discrete
circular arc is a dcc-path, and (ii) for every vertex vi on a dcc-path, the point
succ(vi) at distance min{dθ, |vivi+1|} from vi along the edge vivi+1, does not
lie in the interior of the region N in(vi) formed by the union of the unit circles
passing through vi and pred(vi), the point at distance min{dθ, |vi−1vi|} from
vi along the edge vi−1vi. We will refer to N in(vi) (respectively, Nout(vi), the
region formed by union of the unit circles passing through vi and succ(vi) as the
in-neighbourhood (respectively, out-neighbourhood) of vi (see Fig. 1). Note that,
if |vivi+1| ≤ dθ then Nout(vi) = N in(vi+1).

Relating smooth and discrete curvature-constrained paths. Let γ be a smooth
path, parameterized by its arclength. We say that a polygonal path γ̂ =
〈v1, v2, . . . , vn〉 is a θ-discretization of γ if (i) vi = γ(ti), for 1 ≤ i ≤ n, where (ii)
t1 = 0, tn = |γ|, and 0 ≤ ti+1 − ti ≤ θ, for 1 ≤ i < n.

By definition, a θ-discrete circular arc is a θ-discretization of an
arc of a (smooth) unit circle. In fact (cf. Theorem 1 below) every θ-
discretization γ̂ = 〈γ(t1), γ(t2), . . . , γ(tn)〉 of every cc-path γ forms a θ-dcc-path.
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Fig. 2. |Oγ(s)| ≥ 2 sin s
2
, the slope

of Oγ(s) is at most tan s
2
.

Lemma 1. For any r and s, r < s < r + π,
in the domain of γ, |γ(s) − γ(r)| ≥ 2 sin s−r

2 .

Proof. Assume, without loss of generality,
that r = 0 and that γ(r) is at the origin O
(i.e. γ(0) = (0, 0)); the lemma is then equiva-
lent to |γ(s)| ≥ 2 sin s

2 (Fig. 2). We prove this
by lower-bounding the derivative of |γ(s)|2:

(|γ(s)|2)′
= 2γ(s) · γ

′
(s) = 2

∫ s

0
γ

′
(τ) · γ

′
(s) dτ = 2

∫ s

0
cos∠sτ dτ ≥ 2

∫ s

0
cos(s − τ) dτ = 2 sin s

Hence |γ(s)|2 ≥ 2(1 − cos s) = 4 sin2 s
2 . ��

Corollary 1. For all i, 1 ≤ i < n, |γ(ti+1) − γ(ti)| ≥ |ti+1 − ti| sin(θ/2)
θ/2 .

Proof. It suffices to observe that, since 0 ≤ ti+1 − ti ≤ θ, sin((ti+1−ti)/2)
(ti+1−ti)/2

≥
sin(θ/2)

θ/2 . ��
Lemma 2. For any r and s, r < s < r + π, in the domain of γ, the angle
between γ′(r) and the ray γ(r)γ(s) is at most s−r

2 .

Proof. Assume again that r = 0 and that γ(0) = O; also assume w.l.o.g.
that γ′(0) is horizontal (γ′(0) = (1, 0)). Let γ(s) = (x(s), y(s)), and let
k(s) = y(s)/x(s) be the slope of the ray Oγ(s) (Fig. 2, left). Then the lemma is
equivalent to k(s) ≤ tan s

2 , which we will prove by showing that k′ ≤ 1−cos s
sin2 s

=
1

2 cos2(s/2) = (tan s
2 )′.

By definition, for any τ < s the angle between γ′(τ) and γ′(s) is at most
s− τ ; in particular γ′(s) ≤ s. It follows that x′(s) = (x′(s), y′(s)) · (1, 0) = γ′(s) ·
γ′(0) = cos ∠s0 ≥ cos s, and thus x(s) ≥ sin s. Next, consider the unit vector
η = (y′(s),−x′(s)), orthogonal to γ′(s) (Fig. 2). Since the angle between γ′(τ)
and η is at least π/2−(s−τ), it follows that (x′(τ), y′(τ)) ·η ≤ cos(π/2−(s−τ)),
or x′(τ)y′(s) − y′(τ)x′(s) ≤ sin(s − τ). Integrating over τ from 0 to s, we get
x(s)y′(s) − y(s)x′(s) ≤ 1 − cos s. Combining this with x(s) ≥ sin s, we obtain
what we need: k′ = (y/x)′ = y′x−x′y

x2 ≤ 1−cos s
sin2 s

. ��
Corollary 2. The angle between the ray γ(ti−1)γ(ti) and γ′(ti) is at most sin−1

(min{dθ,|γ(ti−1)γ(ti)|}
2 )

Proof. By the lemma, the angle between the ray γ(ti−1)γ(ti) and γ′(ti) is at most
ti−ti−1

2 , which is always at most θ/2 = sin−1(dθ

2 ). So, it suffices to consider the
case where |γ(ti−1)γ(ti)| < dθ. But in this case, ti−ti−1

2 ≤ sin−1( |γ(ti−1)γ(ti)|
2 ),

by Lemma 1. ��
In summary, we have shown the following:
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Theorem 1. If γ is any cc-path and γ̂ any θ-discretization of γ, then (i) γ̂ is a
θ-bcc-path, and (ii) |γ| sin(θ/2)

θ/2 ≤ |γ̂| ≤ |γ|.
Proof. (i) That γ̂ is a θ-bcc-path is an immediate consequence of Corollary 2,
since the angle between the ray γ(ti−1)γ(ti) and the ray γ(ti)γ(ti+1) is just the
sum of the angles formed by these rays with γ′(ti).
(ii) It is clear that the length of any θ-discretization of a smooth curve γ is no
greater than the length of γ. On the other hand, it follows immediately from
Corollary 1 that its length cannot be less than |γ| sin(θ/2)

θ/2 . ��
The fact that the bounds on |γ̂| coincide in the limit as θ approaches zero, will
be used to obtain properties of shortest smooth paths as a limit of the properties
of their discrete counterparts.

Remark 2. It is worth noting at this point that our definition of θ-dcc-path,
because of its “local” nature, rules out some paths that may be seen as having
bounded curvature. For example, a “sawtooth” approximation of a straight line
(see Fig. 3) does not qualify as a θ-dcc-path if the pitch of the teeth (turn angle),
no matter how small, is too sharp relative to the size of the teeth (edge length).

1

θ

Fig. 3. A sawtooth path that
does not qualify as a θ-dcc-
path.

Configurations. A configuration is a pair (p, φ),
where p is a point and φ is a direction (unit
vector). We say that a polygonal path P =
〈v1, v2, . . . , vn〉 satisfies endpoint configurations
(v1, φ1) and (vn, φn) if (i) the difference between
the angle of the ray v1v2 and φ1, is no more
than sin−1(min{dθ,|v1v2|}

2 ), and (ii) the difference
between the angle of the ray vn−1vn and φn, is no
more than sin−1(min{dθ,|vn−1vn|}

2 ).

Remark 3. This is equivalent to asserting that the
path 〈v0, v1, v2, . . . , vn, vn+1〉, formed from P by
adding an arbitrarily short edge of direction φ1

(respectively, φn) to the start (respectively, end)
of P , has bounded discrete-curvature.

Remark 4. It is easy to confirm that, for any intermediate configuration (vi, φi),
the composition of any dcc-path 〈v1, v2, . . . , vi〉 that satisfies endpoint config-
urations (v1, φ1) and (vi, φi) with any dcc-path 〈vi, vi+1, . . . , vn〉 that satisfies
endpoint configurations (vi, φi) and (vn, φn) produces a dcc-path 〈v1, v2, . . . , vn〉
that satisfies endpoint configurations (v1, φ1) and (vn, φn). Furthermore, if
P= 〈v1, v2, . . . , vn〉 is any dcc-path that satisfies endpoint configurations (v1, φ1)
and (vn, φn), then, for all i, 1 < i < n, there exists a direction φi such that (i)
the sub-path 〈v1, v2, . . . , vi〉 is a dcc-path with endpoint configurations (v1, φ1)
and (vi, φi), and (ii) the sub-path 〈vi, vi+1, . . . , vn〉 is a dcc-path with endpoint
configurations (vi, φi) and (vn, φn). On the other hand, breaking P at an arbi-
trary point in the interior of one of its edges may produce a path that no longer
has bounded discrete-curvature (at the breakpoint).
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We will be interested in characterizing shortest dcc-paths that satisfy speci-
fied endpoint configurations:

Definition 2. A discrete-geodesic joining endpoint configurations (v1, φ1) and
(vn, φn), is a dcc-path that (i) satisfies the endpoint configurations (v1, φ1) and
(vn, φn), and (ii) has minimum total length among paths satisfying (i).

Remark 5. It is by no means obvious that discrete-geodesics exist for all endpoint
configurations. Dubins’ proof [15] of the existence of smooth geodesics makes
use of tools from functional analysis (in particular, Ascoli’s theorem); in Sect. 4,
we describe an alternative approach to establishing the existence of discrete-
geodesics, having established a suitable characterization of the form the discrete-
geodesics must take (if they exist).

Remark 6. It is straightforward to confirm that if a path contains a pair of suc-
cessive edges vi−1vi and vivi+1 whose shortcut, edge vi−1vi+1, has length at most
dθ, then the path can be made both shorter and smaller (fewer edges) by replac-
ing the edges by their shortcut, without violating the curvature constraint. It
follows that for the purposes of characterizing discrete-geodesics, we can restrict
our attention to paths with finitely many edges formed by maximal2 discrete
circular arcs connected by (possibly degenerate) line segments. This assertion,
which follows immediately from our definition, is the discrete analogue of a non-
trivial property of smooth curvature-bounded geodesics, proved as Proposition
13 in [15].

1.1 Related Work

The books [26,27] provide general references that discuss curvature-constrained
path planning in the broader context of non-holonomic motion planning. We
note that study of curvature-constrained path planning has a rich history that
long predates and goes well beyond robot motion planning, see for example the
work of Markov [29] on the construction of railway segments.

The Dubins characterization of smooth geodesics has been rederived using
techniques from optimal control theory in [7,40]. Variations and generalizations
of the problem are studied in [6,8–10,12–14,19,28,30–34,37–39]. In addition,
Dubins’ characterization plays a fundamental role in establishing the existence
as well as the optimality of curvature-constrained paths. Jacobs and Canny [23]
showed that even in the presence of obstacles it suffices to restrict attention
to paths of Dubins form between obstacle contacts and that if such a path
exists then the shortest such path is well-defined. Fortune and Wilfong [20]
give a super-exponential time algorithm for determining the existence of, but
not actually constructing, such a path. Characterizing the intrinsic complex-
ity of the existence problem for curvature-constrained paths is hampered by
2 We ignore for the present the fact that successive maximal discrete circular arcs of

opposite orientation could share an edge. In this case we are free to impose disjoint-
ness of arcs by assigning the shared edge to just one of the two arcs.
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the fact that there are no known bounds on the minimum length or intricacy
(number of elementary segments), expressed as a function of the description of
the polygonal domain, of obstacle-avoiding paths in Dubins form. In a variety
of restricted domains polynomial-time algorithms exist that construct shortest
bounded-curvature paths [1,2,4].

A discretization of curvature-constrained motion was studied by Wilfong
[42,43]. However, his setting is different from ours since he considered discretized
environment, and not discrete paths. A practical way of producing paths with
length and turn constraints is presented in [41]. For some other recent work on
bounded-curvature paths see [3,5,11,16,17,21,22,24].

1.2 Our Approach

We study properties of discrete-geodesics that are free of inflections, as well as
their smooth counterparts. In Sect. 2 we motivate the study of this restricted class
of paths by proving that unrestricted discrete-geodesics never need more than
two internal inflections; i.e. all discrete geodesics are formed by the concatenation
of at most three inflection-free discrete-geodesics.

Section 3 establishes the central result of the paper: a precise characteriza-
tion of the form of all discrete-geodesics (if they exist). In Sect. 4 we use this
characterization to outline a proof of a characterization of smooth inflection-free
geodesics (establishing, by a simple limiting argument, this interesting variant
of the Dubins characterization). We also include a simple geometric proof of the
existence of one important special case of discrete-geodesics that illustrates the
strength of our characterization.

We note that similar methods, proving properties of smooth curves using
discretization, were already used by Schur in his paper of 1921; interestingly,
exactly these problems, considered by Schur [36] and Schmidt [35], led Dubins
to his result.

2 Inflections in Discrete-Geodesics

We now start our investigation of the structure of discrete-geodesics. An edge
e of a polygonal path is an inflection edge if the edges adjacent to e lie on the
opposite sides of (the supporting line of) e. Such an edge is said to have positive
inflection if the path makes a left turn into and a right turn out of e (and
negative inflection, otherwise). Note that, in accordance with our interpretation
of endpoint conditions as a zero-length edge of specified orientation, the first and
last edges of a path are possible inflection edges. When we want to distinguish
such edges, we refer to them as endpoint inflection edges; other inflection edges
are referred to as internal inflection edges.

It is not hard to see that a dcc-path can have arbitrarily many inflection
edges (of arbitrary lengths). However, minimum length such paths, can have no
more than two internal inflection edges (of any length) in total.



On Polygonal Paths with Bounded Discrete-Curvature: The Inflection-Free 51

2.1 More than Two Internal Inflection Edges is Impossible

Our first observation is that in any discrete-geodesic there can be at most one
internal inflection edge of each turn type.

Lemma 3. Any θ-dcc-path containing two or more internal inflection edges of
the same type can be replaced by another θ-dcc-path, with fewer edges, whose
total length is no longer than the original. In fact, if the inflection edges are
non-parallel, the replacement path is strictly shorter.

Proof. Let P = 〈v1, . . . , a, b, c, d, . . . , w, x, y, z, . . . , vn〉 and suppose that both bc
and xy are internal inflection edges with positive inflection (i.e. P turns left at
both b and x and right at both c and y; see Fig. 4). Note that since edges bc
and xy are internal inflection edges, the edges ab, cd, wx and yz all have strictly
positive length.

v1

a

b

c

d w

x
y

z vn

Fig. 4. A discrete curvature-
constrained path with two positive
inflection edges bc and xy.

w′ z

x
w

y

x′

N in(x)

N in(x′) Nout(y)

Fig. 5. Full translation

We assume, without loss of generality, that the ray from b through c and the
ray from x through y are either parallel or diverge (as illustrated). Then, any
transformation of P that results from a translation of the sub-path between c
and x along the vector xy (taking c, . . . x to c′, . . . x′) reduces the length of P
(except when the inflection edges are parallel, in which case the length of P is
preserved) and maintains the dcc-path property at b and c (since the edge bc
lengthens, while the turns at both b and c are not increased).

Consider the situation when x has been translated all the way to y (see
Fig. 5). The dcc-path property holds for the resulting path as long as pred(x′)
lies in Nout(y) (or, equivalently, succ(y) lies in N in(x′)), where x′ denotes the
translation of x, etc. In this case, there is nothing left to prove since the path
has one fewer edge (namely xy) than P . Hence we can assume that, after this
full translation, pred(x′) lies in Nout(y).
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If pred(x′) lies in the right component of Nout(y) (see Fig. 6) then it must lie
in the segment of this circle cut off by the line through x and y, which implies
that |pred(x′)x′| < dθ and so pred(x′) = w′. It follows that when the translation
is taken just to the point where w′ lies on the boundary of Nout(y), at which
point y must still lie outside Nout(pred(x′)) (see Fig. 7), we have |w′y| < dθ and
thus if we replace the edges w′x′ and x′y at this point by the edge w′y, we must
have a path that satisfies the dcc-path property.

Similarly, if pred(x′) lies in the left half of Nout(y) (see Fig. 6) then succ(y)
must lie in the left half of N in(x′) and in fact in the segment of this circle cut
off by the line through x and y. As before, this implies that |succ(y)y| < dθ and
so succ(y) = z. It follows that when the translation is taken just to the point
where z lies on the boundary of N in(x′), at which point x′ has not yet entered
the interior of Nout(y) (see Fig. 7), we have |x′z| < dθ and thus if we replace
the edges x′y and yz at this point by the edge x′z, we must have a path that
satisfies the dcc-path property.

z

x
w

y

w′ x′

Fig. 6.

z

x
w

x′
w′

y

Fig. 7.

Since in both of these remaining cases the resulting path has one fewer edge
than P , the result follows. Note that the only situation where the path has not
had its length strictly reduced is where the inflection edges are parallel (and so
the translation is length preserving). ��
Remark 7. It is worth observing at this point that Lemma 3 applies as well to
the case in which the inflection edge xy is an endpoint inflection. In this case,
we are not able to conclude that the transformed path has one fewer edge (since
edge yz has length zero), but it does follow from our argument that if P cannot
be shortened then the endpoint inflection edge must be a chord of the circle that
defines the endpoint configuration at y.

It follows from Lemma 3 that, ignoring the length zero edges at the path end-
points, any discrete-geodesic is the concatenation of at most three inflection-free
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z

x

w

x′ =y

w′

Fig. 8.

z

x

w

x′
w′

y

Fig. 9.

sub-paths. This motivates our next focus on the form of inflection-free discrete-
geodesics.

3 A Normal Form for Inflection-Free Geodesics

a

c

b

d
e

f
g

h

i

jk

Fig. 10. A discrete-curvature-constrained
path with five discrete arcs (including one
degenerate arc) and no inflections.

We have already noted that any short-
est dcc-path of minimum size consists
of a finite number of maximal dis-
crete circular arcs connected by (pos-
sibly degenerate) line segments that
we refer to as bridges. Here we include
the (possibly degenerate) circular arcs
(e.g. vertex k in Fig. 10) supported
by the circles (shown as dashed) that
define the endpoint configurations of
the path. A bridge vw is degenerate if
v = w (e.g. the first bridge, vertex d,
in Fig. 10). Of course, if a given path
has no inflection edges, all of the dis-
crete circular arcs have the same ori-
entation; without loss of generality we will assume that they are all clockwise
oriented (see Fig. 10).

The main result of this section is the following theorem. It amounts to a
special case of a general characterization theorem for discrete-geodesics and is a
fundamental building block for the proof of that theorem.

Theorem 2. Any inflection-free discrete-geodesic, joining two specified end-
point configurations, is composed of a sequence of at most four discrete circular
arcs, at most two of which are non-degenerate, joined by (possibly degenerate)
bridges.
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The proof of Theorem 2 proceeds by induction on the number of discrete circular
arcs in the path. Since the basis of the induction is obvious, it suffices to prove
the following:

Lemma 4. Any dcc-path, joining two specified endpoint configurations, that
consists of three non-degenerate discrete circular arcs of the same orientation,
joined by (possibly degenerate) bridges, can be replaced by a shorter path, joining
the same endpoint configurations, that consists of at most two non-degenerate
discrete circular arcs.

Proof. Suppose we are given a sub-path consisting of three non-degenerate dis-
crete circular arcs joined by two (possibly degenerate) line segments that we
refer to as the first and second bridge. We will refer to the circles supporting the
three arcs as the first, second and third circles (coloured blue, red and green,
respectively, in all of our figures). We consider several cases depending on the
nature of the two bridges (degenerate or not) and the total turn of the second arc
(essentially whether or not it exceeds π). With only one explicitly noted excep-
tion, we use one of two continuous shortening transformations both of which
involve moving all (or most) of the vertices on the second arc while keeping the
other arcs fixed: (i) a pivot rotates all (except possibly the opposite endpoint)
of the vertices on the second arc about one of the arc endpoints; and (ii) a
slide translates all (except possibly the opposite endpoint) of the vertices on the
second arc along one of the non-degenerate bridges. Since both transformations
move the second arc in a rigid fashion, we need only consider vertices in the
neighbourhood of the two bridges to confirm that the transformations preserve
the dcc-path property.

To simplify the analysis that follows we will assume throughout that if a
transformation leads to a co-linearity event : one of the bridges becomes co-linear
with one of its adjacent edges (equivalently, the turn at some bridge endpoint
becomes zero), then we will stop the transformation at this point and combine
the two co-linear edges into a new bridge. Obviously, this results in a simpler path
(with one fewer edge) and a possible degeneration of one of the discrete circular
arcs. With this exception, all of our transformations terminate with either (i) the
second arc becoming co-circular with the first or third (a co-circularity event),
in which case a bridge has been eliminated, (ii) a formerly non-degenerate bridge
becoming degenerate (a bridge degeneration event), or (iii) a bridge intersecting
one of its associated circles in a chord of length dθ (a maximal chord event). In
the second event, the resulting path is simpler in the sense that a path with a
narrow second arc (total turn less than π) gets measurably narrower, and one
with a wide second arc (total turn greater than π) gets measurably wider. The
third event is treated differently, depending on the intersection of the bridge
with it second associated circle. In all cases, the transformations are easily seen
to not only shorten the path, they also arguably leave it in a form that is simpler
than it was to start, from which it immediately follows that the full reduction
consists of only finitely many transformation steps.



On Polygonal Paths with Bounded Discrete-Curvature: The Inflection-Free 55

Case I: both bridges are non-degenerate. We begin by considering the case where
both bridges are non-degenerate. As we shall see, if one or more of the bridges
is degenerate, a shortening transformation exists that will bring us back to this
case.

There are two sub-cases to consider. In the first sub-case the turn from the
first bridge edge to the second is less than or equal to π (see Fig. 11). First note
that if we slide the middle discrete arc (vertices c through x) along the first bridge
edge (taking c towards b) we maintain the discrete bounded curvature property
at b and c as long as b (respectively, c) lies outside the second circle (respectively,
first) circle (i.e. until the bridge bc becomes degenerate). Meanwhile, the discrete
bounded curvature property is maintained at the endpoints of the second bridge
edge (xy) as long as the predecessor (r) of the outer point (y) lies outside of
the third circle (because of the direction of the translation the successor of the
other bridge endpoint point (x) cannot enter the second circle). If this point r
meets the third circle (a maximal chord event) while outside of the second circle,
then point r can replace y as the outer point of the second bridge (leading to a
shortening of the second discrete arc), and we can continue in Case I.

By symmetry the analogous properties hold if we slide the middle discrete
arc along the second bridge edge (taking x to y). Since both of these translations
serve to shorten the curve, we can assume that they have been done until either
or both of the bridges have degenerated (taking us to Case II or Case III below)
or we are left with unresolved maximal chord events on both bridges. In the
latter case, the successor point of b (illustrated by p in Fig. 12) must lie on the
first circle, the predecessor point of y (illustrated as r) must lie on the third
circle, and both p and r must lie inside the second circle.
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To deal with this last situation, we observe that either (i) the distance |rx|
must be at least the distance from p to the point q on the second circle intersected
by the line through p with the slope of the second bridge edge, or (ii) the distance
|pc| must be at least the distance from r to the point s on the second circle
intersected by the line through r with the slope of the first bridge edge. (It
is easily confirmed that if neither of these hold, we get a contradiction of the
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fact that the slope of edge qc must exceed the slope of edge xs.) Without loss
of generality, we assume that the first of these holds. Then, if we break edge
bc at point p and translate the second arc along the second bridge edge, the
second circle (specifically point q) must meet point p before x reaches r (note
that, since |ry| = dθ, x reaches r before y enters the second circle). If we stop
the translation at this point (see Fig. 13) we see that the first bridge has been
replaced by two edges (bp and pc) which become part of the first and second
discrete arc respectively; i.e. vertex p is a degenerate bridge, taking us to Case
II. (It is worth noting here that as the translation takes q to p the discrete
bounded curvature property is initially violated at c. It is restored just when
q coincides with p. This is the reason why we need to ensure that the bridge
remains feasible for vertices x and y until q reaches p. It is not at all clear that
a transformation exists that is guaranteed to shorten the path in the situation
under consideration, while preserving the discrete bounded curvature property
throughout.)

The second sub-case, where the turn from the first bridge edge to the
second is greater than π (see Fig. 14), is treated in a very similar fashion.
As in the first sub-case, we note that if we slide the middle discrete arc
along the first bridge edge (taking c towards b) we maintain the discrete
bounded curvature property at b and c as long as b (respectively, c) lies outside
the second (respectively, first) circle (i.e. until the first bridge becomes degener-
ate). Meanwhile the discrete bounded curvature property is maintained at the
endpoints of the second bridge edge (xy) as long as the successor (r) of the inner
point (x) lies outside of the second circle (because of the direction of the trans-
lation the predecessor of the other bridge endpoint (y) cannot enter the third
circle). If this point r meets the second circle (a maximal chord event) while
outside of the third circle, then point r can replace x as the inner point of the
second bridge (leading to a lengthening of the second discrete arc), and we can
continue in Case I.

By symmetry the analogous properties hold if we slide the middle discrete
arc along the second bridge edge (taking x to y). Since both of these translations
serve to shorten the curve, we can assume that they have been done until either
or both of the bridges have degenerated (taking us to Case II or Case III below)
or we are left with unresolved maximal chord events on both bridges. In the
latter case, the predecessor point of c (illustrated by p in Fig. 15) must lie on the
first circle, the successor point of x (illustrated as r) must lie on the third circle,
and p (respectively, r) must lie inside the first (respectively, second) circle.

To deal with this last situation, we observe that either (i) the distance |ry|
must be at least the distance from p to the point q on the circle associated with
the first arc intersected by the line through p with the slope of the second bridge
edge, or (ii) the distance |pb| must be at least the distance from r to the point
s on the circle associated with the third arc intersected by the line through r
with the slope of the first bridge edge. (As before, it is easily confirmed that if
neither of these hold, we get a contradiction of the fact that the slope of edge
bq must exceed the slope of edge ys.) Assume, without loss of generality that
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the second of these holds. Then, if we break edge xy at point r and translate
the second arc, including the point r, along the first bridge edge, the point r
must encounter the circle associated with the third arc before p reaches b. If we
stop the translation at this point (see Fig. 16) we see that the second bridge has
been replaced by two edges (xr and ry) which become part of the second and
third discrete arc respectively; i.e. vertex r is a degenerate bridge, taking us to
Case II. (As before, we note that the translation produces a path that violates
the discrete bounded curvature property initially, but it is restored just when s
coincides with r.)

Case II: one bridge is degenerate and the other is not. We assume, without loss
of generality, that the first bridge is degenerate. There are two sub-cases again
that depend on the span of the second arc. In the first sub-case (see Fig. 17) the
total turn from the first edge (bc) after the degenerate bridge (b) to the second
bridge edge (xy) is less than or equal to π. If we translate the middle discrete arc,
excluding the first bridge point, (i.e. the vertices c through x) along the second
bridge edge (taking x towards y) (see Fig. 18), we maintain the discrete bounded
curvature property until the first of two events occurs: (i) x (respectively, y) joins
the third (respectively, second) circle, or (ii) the successor (c) of the degenerate
bridge (b) joins the first circle. The first event coincides with the degeneration of
the second bridge, while the second event leaves us with a new degenerate first
bridge (vertex c), and hence a new instance of Case II with a smaller second arc.

In the second sub-case (see Figs. 19 and 21), where the total turn from the
first edge (bc) after the degenerate bridge (b) to the second bridge edge (xy) is
greater than π, we again slide the middle discrete arc, this time including the
first bridge point, (i.e. the vertices b through x) along the second bridge edge
(taking x towards y). The discrete bounded curvature property is maintained at
x and y unless x (respectively, y) joins the third (respectively, second) circle (i.e.
the second bridge becomes degenerate). Meanwhile, if b moves outside of the first
circle (see Fig. 20), then the discrete bounded curvature property is maintained
at a and b until a joins the second circle, at which point a replaces b as a
degenerate bridge, so we can continue in Case II. Alternatively, if b moves inside
the first circle, we maintain feasibility of the transformed path by (continuously)
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replacing the bridge point by the intersection point v of the first two circles
(see Fig. 22). It is straightforward to confirm that both |av| < |ab| and |vc′| < |bc|.
Thus, the transformation can continue until v coincides with either a or c, at
which point either a or c becomes a degenerate bridge, and we can continue in
Case II, with one fewer edge.

Case III: both bridges are degenerate. As in both previous cases, there are two
sub-cases depending on the span of the middle arc. If the middle arc spans less
than a half circle (refer to Fig. 23) then we can transform the path by rotating the
second arc, excluding the first bridge point, counterclockwise about the second
bridge point (see Fig. 24). Of course, if this rotation continues long enough the
second and third circle will coincide, at which point the second bridge disappears.
Prior to this, the transformation preserves the length of all edges except for the
first edge after the first bridge point (bc in Fig. 24) which shortens, since the
distance from both endpoints of this edge to the second bridge point (y) is
unchanged but the angle they form with the second bridge point decreases. The
transformation continues until the first vertex on the second arc (c) meets the
first circle, at which point it becomes a new degenerate first bridge. We then
continue in Case III, with a smaller second arc.
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In the second sub-case, the middle arc spans at least a half circle (refer to
Figs. 25 and 27). Then we can transform the path by rotating the second arc,
this time including both bridge points, counterclockwise about the second bridge
point. As in the previous sub-case, if this rotation continues long enough the
second and third circle will coincide at which point the second bridge disappears.
Prior to this, there are two cases to consider depending on the trajectory of the
first bridge point (b).

If the first bridge point (b) moves outside the first circle (see Fig. 26), the
discrete bounded curvature property is maintained at a and b until a joins the
second circle, at which point either a or c replaces b as a degenerate bridge, so
we can continue in Case III.
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Alternatively, if the first bridge point (b) moves inside the first circle (see
Fig. 28), we maintain feasibility of the transformed path by (continuously) replac-
ing the bridge point by the intersection point v of the first two circles. It is
straightforward to confirm that both |av| < |ab| and |vc′| < |bc|. Thus, the rota-
tion can continue until v coincides with either a or c, at which point either a or
c becomes a degenerate bridge, and we can continue in Case III, with one fewer
edge. ��

4 Existence and Uniqueness of ς-geodesics

Careful inspection of the proof of Lemma 4 shows that it applies even when
the first or third discrete circular arc is degenerate (i.e. arises from an endpoint
constraint), provided the second discrete circular arc spans at most a half circle.
Furthermore, if the second circular arc in some locally shortest path spans more
than a half circle, then if the first (or third) arc is degenerate, it must be the
case that the path starts (or ends) with an edge that (i) is an extension of
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the corresponding endpoint configuration and (ii) cuts the middle circle with a
maximal chord.

Taking this into consideration, Theorem 2 can be strengthened to provide
a very tight characterization of the form of inflection-free θ-discrete-geodesics,
if they exist: they are formed by two (or fewer) θ-discrete circular arcs of the
same orientation, joined by a (possibly degenerate) bridge, and preceded and
followed by (possibly degenerate) edges that are extensions of the endpoint con-
figurations. Furthermore, when the extension of one endpoint configuration is
non-degenerate, either (i) there is only a single non-degenerate θ-discrete circular
arc, or (ii) the extension of the other endpoint configuration must be degenerate,
and the adjacent θ-discrete circular arc must span more than a half circle.

We note that, as θ goes to zero, this refined characterization of inflection-
free θ-discrete-geodesics describes a family of smooth geodesics, including the
sole inflection-free geodesic specified by Dubins’ general characterization. In this
way, we can derive an analogue of Dubins’ result for inflection-free geodesics.
Uniqueness, in the smooth case, is a direct consequence of the uniqueness of their
discrete counterparts, together with our discretization theorem (Theorem 1).

Clearly paths of the form specified by Theorem 2, joining specified end-
point configurations, always exist. To argue the existence of discrete-geodesics,
it remains to argue that the infimum of the lengths of paths of this form is
always realized by a path of this form. It would suffice to use a compactness
argument (of the style used by Dubins), but it turns out to be both simpler and
more revealing to argue this geometrically. We will do so for general (not nec-
essarily inflection-free) discrete-geodesics in a companion paper. To give some
sense of the kind of arguments involved, we consider just one special case here:
an inflection-free dcc-path is endpoint-anchored if it is formed by two θ-discrete
circular arcs respecting the two endpoint constraints, joined by a bridge of length
at least 2dθ. (Note that such paths correspond to the unique inflection-free paths
in Dubin’s characterization, in the limit as θ goes to zero.)

To this end, we say that a θ-discrete arc consisting of a sequence of edges
of length exactly dθ is perfect, and a θ-discrete arc consisting of a sequence of
edges all but one of which have length exactly dθ is near-perfect. With this, we
can assert that:

Claim 3. Endpoint-anchored geodesics exist and are composed of two perfect
discrete circular arcs joined by a non-degenerate bridge.
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Proof. The key to establishing the existence of discrete-geodesics is the observa-
tion that any minimum length discrete arc spanning an angle Ψ is made up of
�Ψ/θ	 segments of length dθ, and one additional edge spanning an arc of length
Ψ mod θ, i.e. it is near-perfect.

Suppose we have a dcc-path that consists of a near-perfect, but non-perfect,
discrete arc followed by a non-degenerate bridge, followed by another near-
perfect discrete circular arc. It remains to argue that such a path is not a
discrete-geodesic, i.e. it can be shortened. There are two cases to consider. The
first, shown in Fig. 29, the chord bd of length dθ from b, the last vertex on the
initial perfect arc, crosses the bridge cy. In this case, it is straightforward to
show (since |bd|+ |de| ≤ |bc|+ |ce| and |dy| < |de|+ |ey|) that replacing sub-path
bcy by bdy must produce a shorter dcc-path with the same endpoints.

Alternatively, we can assume (see Fig. 30) that neither bd nor the correspond-
ing chord xz on the second circle cross the bridge cy. In this case, if we pivot the
bridge cy about its endpoint y then the dcc-path property is preserved until the
bridge hits the first of b, d or x. But since this transformation leads to a shorter
path in all three situations. ��

5 Conclusion

We introduced a discrete model of curvature-constrained motion and studied
some of its properties, in particular the structure of geodesics in this model. Our
focus here has been primarily on inflection-free paths, which we have demon-
strated constitute an essential component of unrestricted geodesics. We have
also illustrated the utility of our characterization in relating properties of smooth
geodesics as the limiting case of our discrete geodesics.

In a subsequent paper we will extend our characterization of inflection-
free discrete-geodesics to the general case, including a re-derivation of the full
Dubins characterization of smooth geodesics, using similar limiting arguments.
We believe that discrete versions of curvature-constrained motions that include
reversals (cf. [31]) can be formulated in the same way.
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